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Abstract Quantum Sturm-Liouville problems introduced in our paper (Biiyiikasik
etal. in J Math Phys 50:072102, 2009) provide a reach set of exactly solvable quantum
damped parametric oscillator models. Based on these results, in the present paper we
study a set of variable parametric nonlinear Madelung fluid models and correspond-
ing complex Burgers equations, related to the classical orthogonal polynomials of
Hermite, Laguerre and Jacobi types. We show that the nonlinear systems admit direct
linearazation in the form of Schrodinger equation for a parametric harmonic oscilla-
tor, allowing us to solve exactly the initial value problems for these equations by the
linear quantum Sturm-Liouville problem. For each type of equations, dynamics of the
probability density and corresponding zeros, as well as the complex velocity field and
related pole singularities are studied in details.

Keywords Schroedinger equation - Damped parametric harmonic oscillator -
Sturm-Liouville problems - Quantum hydrodynamics - Madelung fluid -
Burgers equation - Pole dynamics - Time variable parameters - Exact solvability

1 Introduction

Very soon after E. Schrodinger derived the fundamental equation of quantum
mechanics, E. Madelung proposed a representation of the complex wave function in
terms of modulus and phase W = R exp(iS/h), transforming the linear Schrodinger
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equation into a system of nonlinear hydrodynamic-like equations, known as the Made-
lung fluid equations [1]. Madelung introduced his equations as an alternative formu-
lation of the Schrodinger equation in order to clarify the meaning of electron and it
turns out that a long time Madelung representation has provided a basis for numerous
classical interpretations of quantum mechanics [2]. However, besides interpretation
of quantum theory, the Madelung fluid representation becomes fundamental tool in
description of quantum fluids and nonlinear evolution equations.

As ahydrodynamical formulation of quantum dynamics, it has attracted remarkable
attention in the development and application of quantum trajectories as a computa-
tional tool for solving non-stationary quantum problems [4]. In this approach instead
of following individual particles quantum trajectory with velocities generated by the
wave function, as a solution of time-dependent Schrédinger equation, both trajectories
and hydrodynamic fields are computed by fluid dynamics computational techniques
applied to quantum fluid. This method has been applied to problems of phase space
dynamics for open systems, mixed quantum-classical dynamics and electronic non-
adiabatic energy transfer [3,4]. In addition to application of both the Eulerian and the
Lagrangian pictures and utilization the descriptive terminology of fluid dynamics, it
provides nontraditional computational techniques for solving quantum dynamics. The
predictive power of this method is equivalent to traditional quantum mechanics, but
may give a very economical way of solving time-dependent Schrodinger equation.
Moreover, it could also stimulate a new intuitive inside to quantum dynamics and
improve numerical algorithms for treating quantum systems.

Another important field, where the Madelung fluid representation becomes fun-
damental is the superconductivity theory [5]. In description of quantum fluids like
superfluid He [6], the Madelung hydrodynamic variables have direct physical mean-
ing, such that p = |W|? plays the role of the superfluid density, and v = Im(VW¥/ W)
is the superfluid velocity. Recently, the Madelung fluid representation of quantum sys-
tems becomes also an important tool for studying the dispersionless limit of nonlinear
partial differential equations with envelope solitons, [7,8]. In fact it is the only way
to rigorous formulation of the semiclassical limit of the one-dimensional Schrodinger
equation with cubic and derivative nonlinearities before shock appearance [8,9].

The quantum hydrodynamics description is an important tool also in quantum chem-
istry as a solution to chemical kinetic systems derived from the Schrodinger equa-
tion by the Madelung representation. This representation allows one to extend the
Schrodinger equation to the rotational motions. It reduces to the Schrodinger equation
for the fluid with only irrotational flow, and allows a class of wave functions whose
quantum phase possesses singularity. Due to high level of complexity of chemical
problems, this type of generalizations could be useful in modeling molecular behavior
and chemical reactions. Quantum hydrodynamics becomes essential field of activ-
ity in theoretical chemical dynamics [4]. The idea is to employ the time-dependent
Schrodinger equation to solve chemical systems for the hydrodynamic properties.
In context of quantum hydrodynamics formulation it is possible to solve the chem-
ical dynamics of several reaction mechanisms known to have pathways dominated
by quantum tunneling regimes. These systems include proton transfer reactions, con-
formational inversions and proton-coupled electron transfer reactions [10]. The wave
model approach to time dependent problems of quantum chemistry describes electrons
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as “clouds” moving in orbitals, and representing their positions by probability distri-
bution. By this assumption of particles as “quantum fluid” it is easy to calculate the
physical parameters of the system containing large number of particles in a very good
agreement with experimental observations. Applicability of hydrodynamic viewpoint
of quantum mechanics proved to be valid for molecular structures and chemical bonds.
Individual chemical bonds were modeled by using electron flux as the “electron flow”
around sodium and chloriue nuclei in [11], and used H2+ as amodel system in [12]. In
[4] the quantum trajectory method was used to model exothermic chemical reactions
and some photodissociation processes.

In the last decades we observe an increasing interest in the quantum mechanical
formulation of dissipative systems. One of the direct approaches to this is studied
via dissipative Madelung hydrodynamics by adding a friction force, influencing the
quantum particle moving in a dissipative environment [13]. This leads to quantum
diffusion, describing a wave packet spreading in a dissipative environment at zero
temperature. Another approach is related with self-adjoint quantization of damped
oscillator, leading to the Schrodinger equation with time-dependent Hamiltonian. The
most popular here is the damped quantum oscillator with constant friction, imitated
by exponentially growing mass term in the Schrédinger equation and known as the
Caldirola-Kanai oscillator [14,15]. It admits exact solutions and was extensively used
to study dissipation in quantum mechanics; for review one can see [16]. After this,
several methods have been developed for quantizing the damped oscillator [17-21].
At the same time quantum description of dissipation has been applied in many dif-
ferent areas as: molecular physics, quantum chemistry, quantum optics and plasma
physics where quantum-mechanical effects are treated by means of time-dependent
oscillator, [19,22]. It is remarkable that variable parametric Schrodinger equation for
harmonic oscillator was proposed long time ago by Sakharov as descriptive of quan-
tum cosmological models at early stage of the Universe, [23]. In all these approaches,
the emergency of Madelung representation of dissipative systems arises naturally. It
is related with the fact that the real and imaginary parts of the complex wave function
W don’t have direct physical meaning, but only the probability density p = |¥|* can
be directly interpreted.

The Madelung fluid representation appearing as a dual description of the same
realistic quantum system in terms of quantum hydrodynamic variables, provides an
interesting tool to study the nonlinear dynamics of quantum fluids with dissipation.
From mathematical point of view, we emphasize a remarkable property concern-
ing integrability of the Madelung models. Since Madelung transform of the linear
Schrodinger equation leads to nonlinear Madelung systems, using an inverse Made-
lung transform, clearly the nonlinear Madelung models are linearizable in the form of
Schrodinger equation. Then, the inverse Madelung transform is a complex lineariza-
tion transform similar to the Cole—Hopf transformation [24,25], and nonlinear models
admitting such type of direct linearization are called C-integrable, [26]. It follows that,
Madelung fluid equations and the complex Burgers equation are nonlinear partial dif-
ferential equations belonging to the class of C-integrable models. To extend the class
of exactly solvable quantum dissipative systems, in paper [27] we have introduced the
so called Quantum Sturm-Liouville problem, with wide class of quantum paramet-
ric Schrodinger equations and their exact solutions in terms of classical orthogonal
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polynomials. Then, construction of the nonlinear Madelung quantum dissipative fluid
representation for these equations and corresponding exact solutions may provide an
interesting results on structure of nonlinear dynamics and used in development of
computational methods as quantum trajectories.

Motivated by these ideas, in [28], we have constructed a Madelung fluid model
and its exact solutions for the Caldirola-Kanai quantum damped harmonic oscillator,
[14,15]. It was shown that, probability density functions of the model behave like
delta-convergent sequences at time infinity. In fact, since a solution W (g, t) of this
model has merging zeros and describes collapse of the wave function at time infinity,
then a solution W* (g, —t) of the amplified dual system will be an expanding wave with
creation of zeros as point particles from initial singularity. This evolution simulates
quantum mechanism similar to creation of expanding Universe from initial singularity
in Big-Bang cosmology.

In the present work, based on [27,28], we introduce quantum parametric Hamilton—
Jacobi system, parametric Madelung fluid and complex Burgers equations, linearizable
in terms of Schrodinger equations for harmonic oscillator with variable parameters
and related with the classical orthogonal polynomials. Quantization of the singular
Sturm-Liouville problems studied in [27] provides a reach set of exactly solvable har-
monic oscillator models with time dependent parameters, and allows us to obtain exact
solutions of the corresponding Madelung models with variable parameters. Here, we
study Madelung fluid and complex Burgers equations of Hermite, Laguerre and Jacobi
type associated with the corresponding orthogonal polynomials. For each type of these
equations with specific time dependent damping, exact solutions and dynamics of the
zeros of the probability density, as well as dynamics of the pole singularities of the
complex velocity are studied in details.

2 Madelung fluid: a quantum Sturm-Liouville connection

Quantum Sturm-Liouville problems were introduced in [27] and Madelung repre-
sentation of Schrodinger equation for harmonic oscillator with variable parameters
was discussed in [28]. In this preliminary section, we establish their connection and
provide the basic equations. Consider the second order differential equation

% |:,u(t)j—t:| x(t) +[Ar(t)]x() =0, a<t <b, (1)

where A is a spectral parameter, 1(f) > 0 on (a, b), u(t) € C'(a, b), and Ar(t) > 0
on (a, b), r(t) € C(a, D). Let singularities be allowed at the end points of the funda-
mental domain (a, b), such as (i) (a, b) is an infinite domain, (ii) u(a) = 0 or/and
wu(b) = 0, (iii) mixture of the first two cases. Then, Eq. (1) together with boundary
conditions like x () must be continuous or bounded or become infinite of an order less
than the prescribed, defines a singular Sturm-Liouville problem, [29]. On the other
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hand, Eq. (1) can be written in the form of damped parametric oscillator

jop 0y MO

X x=0, te,b),
wu(t) ()

where I'(¢) = u(¢)/u(t) is the damping coefficient and Ar(t)/u(¢) is the frequency.
Then, for the formal self-adjoint operator 7', one can find the action functional in the
form

b b

S = l<x<r>|T|x(r>> _! / x()Tx(t)dt = ! / [M(t)fcz(t) — /L(t)wz(t)xz(t)] dt
2 2 2 ’

a a

assuming u(t)x(t))'c(t)|g = 0. This leads to Lagrangian L = w(H[x2(@) —
wz(t)xz(t)] /2, and classical Hamiltonian

2 2
4 nw () ,
H(x, p) = 200 + > x°,

where p = 0L/dx = u(¢)x(¢). Then, as a result of self-adjoint quantization one
obtains an explicitly time-dependent quantum Hamiltonian

B9 ar@d) .
5>+ §’.
2u(t) dq 2

H({) =

This procedure allows us to study Schrodinger equations for harmonic oscillator related
with the singular Sturm—Liouville problems and the classical orthogonal polynomi-
als, known as quantum Sturm-Liouville problems, [27]. For generality, we will use
notation Ar () = ,u(t)a)z(t), and consider the IVP

v R 2V ue’()
T it 2 1 @
V(g, 1) = ¥(q), —o0 <gq < o0, (3)

see [27] and references there in. It is known that, if x(¢) is solution of the IVP for the
classical parametric oscillator

i+ @x +0*Mx =0, x(ig) =x0#0, x(ig) =0, (4)
u()

with () > 0, u(t) € C'(a,b), *(t) > 0, w(t) € C(a,b), ty € (a,b), then

the solution of the quantum evolution problem (2-3) is formally given by W(q, t) =
U(t, to)¥(q), where the evolution operator is

= i 5 a1 i 92
Ul(t, tg) = exp (Ef(t)q ) exp (h(t) (qg + 5)) exp (_Eg(’)ﬁ) (5)
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and the auxiliary functions are

t
w0 i) ) / dg
- = = _h e =0
f0 =S50 80 =) [t g
[x(t0)]
h(t) =In 6
()=t ©)

If the initial function is given as

_2 2
W(g, 10) = (@) = Nee™ 2 H, (\/Qoq) k=012, %)

where ¢ (¢q) are the normalized elgenfunctlons of the Hamiltonian for the standard
harmonic oscillator Hy = —(h2/2)82 + (a)O/Z)q wy = const, 2y = wp/h, then
the time-evolved state becomes

Ui(g,t) = N/ R(t) X exp( (k + 1) arctan(Qog(t)))

p()x () 9(2) 2 2 (_% 2 2)
XCXP( ( 2 (0) 2 — &R (I))q )XCXP > R(1)q
xHy (VR0R(0)q) . ®)

where

X3 :
R = x2(1) + (Qox()g)? ) "

It follows that, the corresponding probability density px (g, t) = |V (q, )% is of
the form

2
pua.1) = o= * VRR) X exp (— (Vo) ) x HY (VRoR()q) .

k=0,1,2,.... (10)

Following Madelung’s idea we write the complex-valued wave function in polar form
i 1 i

V(g,1) =+/p(q,1)exp (;;S(q, t)) = exp (5 Inplg.0) + -5, t)) . (D

where p(q, t) > 0 is the probability density and S(g, ¢) is the action, both being real-
valued functions. Introducing this representation in Schrodinger equation (2) leads to
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a system of nonlinear coupled partial differential equations,

3s 1 (8S)2 w2y , B2 | 1 3 Yp
—+ —) + q* = — :
ar  2u(r) 2 2u(t) | /P 9q?

B 9 1 3S
_IO + N 10__ = 09
ar  9q | p(t) dg

12)

so that the linear dynamics in complex plane is projected onto a nonlinear dynamics in
real space. The first equation is a variable parametric quantum Hamilton—Jacobi equa-
tion, where the term with explicit 77 dependence is a nonstationary quantum potential

/N S V)
0.0 =~5"5 [ﬁ 02 }

encoding the quantum aspects of the theory. The second equation is a continuity equa-
tion for the probability density. Then, using (11), one finds that, system (12) with
real-valued initial conditions S(q, tp) = S’(q), p(q,t9) = p(g) > 0, has formal
solution

V(g 1)

S(q,t) = —ikIn (I\If( 0

), plg, 1) =¥ (g, 1), (13)

where W (g, ) is a solution of the Schrodinger equation (2) with initial condition

= [
W(g,t0) = v/ p(q)exp (gS(q)) . (14)
We remark that, in general the action S(gq,t) = —ihln(V/|V|) + 2nnh,n =

0, %1, +£2, ... is a multi-valued function, but fixing the initial condition S(q, ty) =
S(g) leads to a single-valued solution of the IVP. Clearly, the explicit form of the
solutions S(q, t) and p(q, t) depends on the properties of the initial functions p(q)
and § (¢). In this work, we shall consider initial functions p(gq), S (g) so that in (14)
one has W(q, tp) € Ly(R). Specifically, in the following sections, for all particular
problems the initial conditions will be taken such that W(q, o) = ¢x(q) € L2(R),
where @i (q) is given by (7).

Next, introducing velocity field v(g, 1) = (1/1(¢))(0S5/dq), system (12) transforms
to a system of parametric Madelung fluid equations with dissipation

_R2 2 2
+u(t)v+v8_=_ I 9| - (13 \/25 +u(t)w ([)qz ’
ar /L(t) dq u(t) aq | 2u(t) \ /p 9q 2 (15)
ap

E+_[ v] =

<

where I'(¢) = 1(t)/u(¢) is the friction coefficient, which for nonconstant w (¢) reflects
the dissipative nature of the system. As given in [28], system (15) with real-valued
initial conditions v(q, ty) = v(q), p(q, to) = p(q) > 0, has formal solution
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v r) = 1D (\Il(q,t)

—_ — ), 1) = |W(g, 0|, 16
) 0g I‘II(q,t)l) plg. 1) =|¥(g,1)] (16)

where W (q, t) is solution of the Schrédinger equation (2) with initial condition
) q
= l ~
W) = V5@ ( o) [ 56ae

Writing the wave function in the form W (g, 1) = exp (%u(r)F(q, t)) , where F(q, t)

is a complex potential, the linear Schrodinger equation (2) transforms to a parametric
potential complex Burgers equation. Then, the corresponding IVP

dF  u(t) OF\* | (1) ,  ih 9°F
¥+M(t)f+ (aq) T T T im0 (17)
F(q,10) = F(q),

has formal solution given by F(q,t) = —ih(InW(q,t))/u(t), where W(q, 1) is
solution of the Schrodinger equation (2) subject to the initial condition W(q, 7)) =
exp ((i /(o) F(q)) -

Representation of the wave function in the form

. q
W(g.1) = exp %M(t)/V(E,t)dé , (18)

where V (g, t) is a complex velocity, transforms Schrodinger equation (2) to a com-
plex Burgers equation with time dependent parameters. Then, the general IVP for the
complex Burgers equation

v @) v e ih 9%V
o T aw) TV TV E e (19)
V(q ) = V(q),

has formal solution given by the complex Cole—Hopf transformation

i h
Vig,1) = —%;awm ), (20)

where W (q, t) is solution of the Schrodinger equation (2) with the initial condition

. q
Wig. 1) = exp  +uti) / V(&)de
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3 Hermite type Madelung fluid and complex Burgers equation

Now, we introduce and obtain exact explicit solutions of quantum Hamilton—Jacobi
system, Madelung hydrodynamic model and complex Burgers equation related with
the Sturm-Liouville problem for the classical Hermite polynomials. For this, we start
by choosing an exponentially decreasing mass p(t) = e’ 2, and constant frequency
®*(t) =2n,t € (—o0, 00). This leads to the following systems.

A. First, we have Hermite type quantum Hamilton—Jacobi system

PR 2 796\2 m2e” [ 1 52
E—i_e_(_) +ne_t2q2= ‘ = \/ﬁ , l’l=0,1,2,...,

2 \dgq 2 | /P 9q? @1
ap o[ 2 08
— 4+ — e p— | =0.
at  dq aq
Under the transformation
. Vg, 1) 2
S(g,t) = —ihln (—) p(q, 1) = |¥(g, DI, (22)
(g, 1)l
it converts to the linear Hermite type Schrodinger equation
I e 92 2
h— = —h— — W 4w, 23
Ry 2 a2 T 23)
where u(t) = e_’2 and a)z(t) =2n,t € (—00,00), n =0,1,2,.... Then, system

(21), with real-valued initial conditions S(g, t0) = S(q), p(q. 1) = p(q), p(g) =0
has formal solution given by (22), whefe W(gq, t) is solution of Eq. (23) with initial
condition_\lf(q, ty) = w//5(_61) exp((i/h_)S(q)). .

In particular, when the initial state is given by (7), i.e. W(q, t9) = @i (q), solution
of (23), see [27], is known as,

W, 1 (g, 1) = Ngv/Ru (1) X exp (i (e*’z w) qz) X exp (—%sz%gn (z)R,%(r)qz)

2h H, (1)
. 1 QO 2 2
xexp|i|k+ 3 arctan(20gx, (1)) ) x exp —7Rn (g
x Hy (‘/QORn(z)q), k=0,1,2,..., (24)
where H,(t), n =0, 1,2, ..., are the Hermite polynomials, satisfying
Hy —2tH, +2nH, =0, Hy(to) #0, Hy(to) =0, (25)

for proper choice of 79 € (—00, 00), (indeed, to have the even Hermite polynomials,
in (25) one can take 7y = 0, since the initial conditions H, (0) # 0 and H,(0) = 0
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hold for even n, and to have odd Hermite polynomials, there exists ¢y such that these
initial conditions are again satisfied). The other auxiliary functions in (24) are

(t) = —hH2(1 )/ e dt (1) = O
gn - n 0 an(é)ﬂ g 0) =Y,
1
H2(to) )
R,(t) = 1 ) 26
® (an(r>+[szogn(r>Hn<r>]2 20

Therefore, system (21) with specific initial conditions

2
Sk(@.10) =0, pig. 1) = N exp (— (V%04) ) HE (V0q) . k=0.1.2,...

has exact solutions

2 Hy (1)
H,(t)

1 1
Snk(g, ) =3 (e - m%gnmR,%(r)) g +n (k + E) arctan(Q20g, (1)),

and
2
Pui(@ 1) = N} x Ry(t) x exp (— (V0Ra (1)) ) x HE (VRoRi(0q) . @7)

where g, (¢) and R, () are defined by (26).

B. Introducing the velocity field v(g,t) = elZBS/aq, t € (—o00,00) in system
(21), or setting the specific parameters (1) = e~ and w? (t) = 2nin (15), we obtain
Hermite type Madelung hydrodynamic equations

9 3 a | —n? 1 92
LA PRI B ——\/f + ne—ﬂqz ,

ap a
RO =0,
” + 0 [ov]
with friction coefficient I'(#) = —2¢. Using transformation
20 W(g,t) 2
v(g, 1) = —ihe' —Tn (— . oplg, 1) =Yg, DI, (29)
dq W(g, 1)l

system (28) is linearizable in the form of Hermite type Schrodinger equation (23).
Therefore, the system of Madelung fluid Eq. (28) with general initial conditions
v(gq, to) = v(q), p(q, to) = p(g), has formal solution given by (29), where W(q, t)
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Fig. 1 Hermite type model. Probability density p4 3(q, ). forn =4,k =3

is solution of the Schrédinger equation (23) with initial condition

q

W(q.t0) = v/5(q) exp ,’—_le"g / B(€)de

It follows that, the IVP for system (28) with specific initial conditions

2
v(q.10) = 0, pi(q. f0) = Nf exp (— (vV20q) )Hk2 (Ve0q). k=0,1.2,...

has exact solutions

vn(q, 1) = (an; — the’Zg,,(t)R,%(t)) g, Vk=0,1,2,..., (30)

and p,, k (g, t) found in (27). As an illustrative example, in Fig. 1 we construct the plot
of the probability density p, x(q, t) for the case n = 4, k = 3, (7 = a)% =x0=1
and tp = 0).

C. The potential complex Burgers equation of Hermite type is of the form

oF 1 (dF\> ih 23°F
— —%F+ - (— 2= = n=0,1,2,..., 31
ot +2( q) +nq 2 ¢ dg2 " 6D
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and using the transformation
F(q.1) = —ihe" (InW(g. 1), (32)

it converts to Hermite type Schrodinger equation (23). Then, the IVP for the potential
complex Burgers equation (31) subject to the general initial condition F(q, t9) = F(q)
has formal solution given by (32), where W (g, ¢) is a solution of (23) with initial con-

dition W(q, 10) = exp ((i /he f(q)) . The IVP with specific initial conditions,

aF 1 (0F\? ih 2 0%F
— —2tF+ - | — —|—nq2=l—e’2—, n=0,1,2,...,
at 2 \ 9g 2 9g2

(33)
Q
Fi(q. fo) = ihe's (7°q2 — In(N Hy (,/Qoq)) k=012, ...

has exact solutions of the form

Fux(g,t) = B (Z g; —hQgn (t)e’zRﬁ(t)) g*+he" (k + %) arctan(Q20g, (r))}

+ ihe” [%Rﬁqu —In (Niv/Ru (0 Hi (\/sToanq))} )

Writing F(gq,t) = Fi(gq,t) + iFa(q, t), where Fy is the velocity potential, and F» is
the stream function, both being real-valued, the potential complex Burgers equation
splits into a system of coupled equations

oF 1 (oF1\* (oF2\’ h o2 0°F
—1—2tF1+— ) (2 +nq2=——elz—2,
ot 2 dq dq 2 0g2 (35)

oF aF1 dF, h 20°F
S22 oyF 4 L2 2L
ot dg 9qg 2 0g>

which with specific initial conditions

Q
FLi@.10) =0, Fai(q,10) = hed (7%2 — In(Ni Hy (\/QOQ)) k=012,

has solutions, respectively the real and imaginary parts of (34).
D. Now, we introduce the Hermite type complex Burgers equation

v v ih 3%V

v v pong =L 01,2, 36
ot TVt =g g2 (36)

By the generalized complex Cole—Hopf transformation

Vg, 1) = —ihe’Z%(ln (g, 1)), (37)
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[Vir2

(b)

Fig. 2 Hermite type model. a Plot of | V4 3(g, 1)|2. b Contour plot of [V4 3(q, N2

it is linearizable in the form of Schrodinger equation (23). Then, the general IVP for
(36) with initial condition V (g, o) = V (¢) has formal solution given by (37), where
W(gq, t) is solution of the IVP for the Schrodinger equation (23) with initial condition

q

W(g. 1) = exp ;ie—’é / V(&)ds

As an example, we give the IVP with specific initial condition

v Vv ih 20%V
v v pong =" n=0,1,2,...,
ot g 2 09g2 (38)
3, Hi (V2
Vi(q, 10) = ifie's [Qoq—M] k=0,1,2,...,
Hi(v/S209)
which has explicit solution
Hn(t) 2 42 2
V(g t) = —hQ DRt
k(g 1) [H,,(t) o€ &n(OR, (1) |q
3, Hi (/SO R (1
+ ihe" [QORﬁ(t)q— g (v "()q)] (39)
Hi(VQ0R,(1)q)

The quantity |V, 1 (g. 1)|? can be seen as an analog of kinetic energy, or envelope of the
modulated wave. Note that, the complex velocity V, « (g, t) has finite time singulari-
ties at zeros of H, (), and it has moving singularities where Hy (v/QoR, (t)g) = 0. In
Fig. 2, we give the plot of |V, x(q, 1)|> forn =4,k =3, (h = 0} = xg = 1,19 = 0)
and the corresponding contour plot from which one can observe also the motion of
the three pole singularities.
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Writing the complex velocity as V(q,t) = v(q,t) + iu(q, t), where v and u are
real-valued functions, the complex Burgers equation splits into real and imaginary
parts

v v ‘o h 2%

— +t v — —2tv—u— ng =——e ,

o U9 1= 73° 342 “0)
DY LS L 3%v

— —2tu +u— — == —5

0 9 dg 2 9qg*

Then, system (40) with specific initial conditions

2 3qu(«/Qoq)
ve(q, 10) =0, ug(q, to) = he | Qg — ———>|, k=0,1,2,...
Hi (V/0q)

has exact solutions v, (q, t) and u, r(q, t), which are clearly the real and imaginary
parts of (39), respectively. Using (11) and (20) we note the relation

tzﬁ_ﬂetz 0

g 2 @(lnp)- (41)

Vig,t) =v(g,t) +iu(g,t) =e

E. Motion of the zeros and poles. The zeros of the wave function W(q, t) (and
p(q, 1)) for the Schrodinger equation, due to the complex Cole—Hopf transformation
(37), become pole singularities of the solution V (g, t) (and |V (q, 1)|*) for the non-
linear complex Burgers equation. From (24), one can see that solution ¥, i (g, t) of
the Schrodinger equation has zeros at points where Hj (JQ_Q R, (t)q) = 0, and these
zeros are pole singularities of the complex Burgers solution V,, x (g, t) given by (39).
If tk(l), I =1,2,...,k, denote the zeros of the Hermite polynomial Hy (&), then the
motion of the zeros of W, (g, t) and poles of V, x(q, t) for fixedn = 0, 1, ... and
k=1,2,...1s described by

(1) o) 2 2\ 2
q;il)(t)z T _ % (Hn(t)+[Q§gn(t)Hn(t)] ) =12k
VR, (1) Qo H; (to)

(42)

Clearly, k is the number of the moving zeros/poles and 7 is the number of their
oscillations. At times close to + = 0, and n > 1, the singularities show oscillatory
motion. Then, when ¢ — =00, one has R, (f) — 0 and |q,§l)(t)| — 00, show-
ing that the zeros/poles go away from the origin ¢ = 0. Moreover, the distance
between different zeros/poles also increases with time, that is for fixed k and i # j,
|q,§')(t) — q,ﬁ")(t)| — oo ast — 00, as an example see Fig. 2.

Finally we remark that, solutions of the equation dg/dt = v(q, t) are known as
quantum trajectories. As stated in [4], the patterns developed by these quantum tra-
jectories g () as they emanate from an ensemble of “launch points” exactly define the
history of the system as it evolves from the initial to the final state. The probability

@ Springer



2730 J Math Chem (2012) 50:2716-2745

amplitude /o and phase S are transported along these trajectories, and observables
may be computed directly in terms of this information. Such computations are not
subject of this work, but it could be interesting to see the picture of the quantum tra-
jectories for our specific models. Thus, if v, (g, ) is given by (30), solving the equation
dg,/dt = v,(q, t) gives

(43)

H,2(1) + [Qogn (O Hy (O )
H2(1p) '

qn(t) =c/Ry(t) = C(

where R, (¢) is defined in (26), and constant c is fixed by the initial position g, (fg).
If we fix n and choose initial positions in terms of the zeros of the Hermite polyno-
mial Hy (&), that is g,(ty) = Tk(l)/\/Q_(), I =1,2,...,k, we see that the equation
of quantum trajectories coincide with Eq. (42) of moving zeros. That is, along such
“ghost” trajectories the probability density p, x vanishes and the corresponding quan-
tum potential is singular. However, for properly chosen initial conditions, one can
obtain quantum trajectories, which indeed satisfy the two important properties: they
don’t cross and don’t pass through nodes (zeros of the wave function), [2,4].

4 Laguerre type Madelung fluid and complex Burgers equation

The Sturm-Liouville problem for the associated Laguerre polynomials is defined by
the differential equationd (1" *'e™"%) /dt+At"e'x = 0,0 <t < oo, m > —1, and
boundary conditions that the eigenfunctions must be finite at # = 0, and they must be
of polynomial order as ¢+ — oo. Then, the eigenvalues are A =n,n =0, 1,2, ... and
the corresponding eigenfunctions are the associated Laguerre polynomials L (¢) =
et (n))"ldn (e_’t"+m) /dx". It follows that L)' (¢) are solutions of the classical
damped parametric oscillator

x+wx+;x=0, x(to);ﬁo, ).C(l‘())=0, (44)

with (1) = " *le™", damping coefficient I'(r) = (m + 1 —t) /¢, frequency w?(t) =
n/t. Then the corresponding Laguerre type Schrodinger equation

plY T By, 1 0.1,2 (45)
ih— = — , m>—1, n=0,1,2,...,
ot 21m+tl g2 2er 1

with specific initial conditions W (¢, t9) = ¢r(g), k =0, 1, 2, ..., has exact solutions,
[27],

W (g 1) = Ney/RIN(t) x exp (zl_h (tm-He—t izg;) qz)
e (‘%Qg&'«" <f><R2")2(r>q2)
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1 m QO my2 2
X eXp k+ = 5 arctan(Qog' (1)) ) x exp _T(Rn )7 (g

x Hy (v QoR™(t)q), k=0,1,2,..., (46)
( ;

where

§d
gn (1) = —h(an(fO))z/ m, g(ty) = 0;

1

m 2
R0 =( (L (10) 2) '
(L2 (1) + [Qog ()L (1)]

Using Madelung representation we get the system of generalized Hamilton—Jocobi

equations
as e (8S)2 n2e | 1 3% /p e o
it 220 _ _— g% =0,
2¢m+1 g 2¢m+l1 \/ﬁ 3q2 2 @7
ap 9 [ pe' 39S
—+ — — =0,
ot  dq [ tmt1 g

which with specific initial conditions

2
Sk(g.10) =0, pi(g.t0) = N exp (— (v00) )Hf(\/QOQ), k=0.1,2,...

has exact solutions

1 i
i@ D) =3 (t’”“e’L;—g; Qoen (R (t))

+h (k + %) arctan(Qoglr' (1)),
pri(a. 1) = N x Ry (1) x exp( (VRoR; (1)) ) x HE (VR (0q)

(48)

' 9S
Introducing the velocity v(q, t) = : g — in (47) gives the Madelung fluid equations

m+1—t v e 9| =2 1 9% nt™
+¥ VbV = e m+1( Ve +7q2,
gt , t dq t aq | 2t faq e (49)
0
— 4+ — =0.
or Tag PV
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This system (49) with initial conditions vk(q, t9) = 0, pr(q,ty) = <p,3(q),k =
0,1,2,..., has exact solutions

Lpa zgf(o(R;")%)e’)
L (1) s fm+1

v, (g, 1) =(

and 10:1”,/{ (g, t) given by (48).
Next we write the [IVP for the complex Burgers equation of Laguerre type

V. (m+1-—1) AV he' 3*V n
+ +

—t—V+V—=i———— — —q,
ot t dq pm 9q? 4
he d ihe' 0 Hk(x/szoq)} (50)
Vi(g, to) = —i ———( = ——|Qoqg — L — |,
(g, 10) s dq(nwk(CI)) t6"+1[ H(Jong)
k=0,1,2,...
which has explicit solutions of the form
Ly@ o ogn e s
Vg, 1) = |:Lm—(t)_ § o (R0 |4
. he' ma2 aqu(V QO(R,T)(I)Q)
+im | QRMA(D)g — .
" Hi (V0 R} (1)q)

From Eq. (46), we see that the solution \IJZf «(q, 1) of the Schrodinger equation has
zeros at points where Hy («/ QoR (t)q) = 0, and these zeros are poles of the solution
V" (q, t) for the complex Burgers equation of Laguerre type. If rk(l) as before denote

the zeros of the Hermite polynomial Hy (§), then the motion of the zeros and poles for
fixedn=0,1,2,..., m > —land k =1, 2, ... is described by

1

TP S ((Lm%)+[szog;"<r>Lz1<r>12)2

0= Tk T Vo (L2 (10) ’
[=1,2,..., k. (5D

Thus, using the above general results one can study Madelung models and complex
Burgers equations related with the associated Laguerre polynomials for any m > —1.
In what follows, as an example we give explicit solutions for the special case when
the parameters are ju(t) = te™' and w*(t) = n/t, t € (0, 00), which corresponds to
Laguerre polynomials with m = 0.

A. First, we introduce the Laguerre type quantum Hamilton—Jacobi system

9S t 9S 2 —t lh2 1 82
a_+§_( ) +ne qz_e |:— 8«/25 , o n=0,1,2,...,
t 2t NI (52)

g 2 1T
a d [e aS
do 0 ¢ 08T
at  dg |t 9dq
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Using transformation (22) it converts to the Laguerre type Schrodinger equation

ow hZe! 92 ne!

2

where according to (2) we have u(t) = te™!, and a)z(t) = n/t,t € (0,00),

n = 0,1,2,.... Schrodinger equation (53) with initial conditions W(q, ) =
0i(q), k=0,1,2, ..., has exact solutions

Vi k(g 1) = Niv/ Ry (1) X exp (l— (,etM) 612) X exp (—%Q%gn(t)erl(t)qz)

2h L, ()
. 1 Q0 5, . 2
xexp |1 k+§ arctan(£20g, (1)) | x exp —TRn(t)q
ka(\/sToRn(t)q), k=0,1.2,..., (54)

where L,(t),n =0, 1, 2, ... are the Laguerre polynomials satisfying

. (A=0. n :
Ly, + Ln+ 2Ln=0. La(to) #0, Lu(to) =0, (55)

for proper choice of #y > 0, and the auxiliary functions are

t
£d
gn(t) = —hL2(1) / ;T(i) g(tp) = 0;

R, (1) = ( Ly (i0) ); (56)
UTAL20 4 08O La )

Therefore, system (52) subject to the specific initial conditions

2
Sk(q. 10) = 0, pk<q,ro>=N£exp(—(J570q))H;?(JsToq), k=012,

has exact solutions

1 L, 1
Snilq. 1) = 5 (ze’ . 8 — mégn(t)R,%(t)) P +h (k n E) arctan (208, (1)),

and
2
Pui(@, 1) = NE X Ru(0) x exp (— (VeoRa(1)q) ) x H (VRoRa(0g) . (5T)

where g, () and R, (t) are given by (56). In Fig. 3a, we illustrate the behavior of
pnik(q,t) forn =2,k =4, (h = Qo = 1). Since n = 2, we take o = 2, so that

@ Springer



2734 J Math Chem (2012) 50:2716-2745

[vir2

(b)

Fig. 3 Laguerre type model. a Probability density p3 4(g. t). b Plot of [V 4(q, t)|2

the initial conditions in (55) are satisfied. Similarly, for eachn = 0, 1, 2, ... one can
always find #yp > 0O such that the initial conditions hold.
B. Next, we construct a system of Laguerre type Madelung fluid equations

v 1—1t v e a | —h% [ 1 9% ne*
()= — ‘/f +—4q*|.
ap

AT =0
2 +8q [ov] ,

with variable friction coefficient I'(¢) = (1 — ) /¢, t € (0, 00). Using transformation

_ ihe' D W(g,1)
V@D =""gy (|W<q,r>|

), plq, 1) =¥ (g, 1) (59)
t dq

it can be linearized in the form of Laguerre type Schrodinger equation (53). Then,
system (58) with general initial conditions v(q, fto) = v(q), p(q,t) = p(g) has
formal solution given by (59), where W(q, ) is solution of (53) with initial data
W(g,10) = v/ p(q)exp (i /m)tge™™ [T 5(5)dE) .

System (58) with specific initial conditions

2
w(q.10) =0, pe(g. 10) = N2 exp (— (,/szoq) ) H? (\/Qoq) k=012,

has exact solutions

Ly(t) h2 €8 (tR2(1)

U k(q, 1) = (L o R ;

)q, Vk=0,1,2,...
and pn r(q, t) given by (57).
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C. The potential complex Burgers equation of Laguerre type

OF (11—t 1 (0F\* n , ihe' 3*F
()R () o=t n=0,1,2,... (60
8t+( P ) +2(8q) R TS B vl PR (60)

using the transformation

F(q’t):_

1)) (61)

converts to Schrodinger equation (53). Hence, Eq. (60) with general initial condition
F(q,t)) = F(q) has solution of the form (61), where W(q, ¢) is a solution of (53)
with initial condition ¥ (q, fp) = exp ((i / /"L)toe_’oi5 (q)) . Then, it is not difficult to
see that Eq. (60) with initial condition

2

Fi(q, 10) = ifizm (&cf —In (Nka (@q))) L k=0,1,2,...

has exact solution

L,(t) 2g,,(z‘)e 2 het 1
Fux(q,t) = [ (L o — h€y R (t)) (k+§) arctan(Qog(t))}

he

+l—[ 0 R2(1)g? —ln(NkM Hy (F Ry (r>q))} (62)

D. The Laguerre type complex Burgers equation is of the form

v (1—t vV n he' 32V
— — ) V+V—q4 —qg=i——, =0,1,2,.... 63
8t+(t) +8q+tq 12t8q2 " (©3)
Using the complex Cole—Hopf transformation
ihe' 0
Vig.t) = === (nW(g.0). 1>0, (64)
q

itis linearizable in the form of Schrodinger equation (53). Then, Eq. (63) with general
initial condition V (g, fy) = V (¢) has solution given by (64), Yhere W(gq, t) is solution
of (53) with initial function W(q, f9) = exp ((i/M)tge™ [? V (§)d&) . The IVP with
special initial condition

v 1—¢ vV  n _he' 3%V
4 — V_|_Va—+—q=z—— n=0,1,2,...,
q

ot t t 2t 9g2°
.heto d ihe™ 0, Hi (\/Q09) (65)
Vi(q, to) = —i——(ngr(g)) = |:Q g Hi(vS20q ]
o 44 , Hi (V0q)
k=0,1,2,...
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has exact solution

LH n d
Vor(q. 1) = [ = 8 _ne2d (:)e Rg(n]q
he' 9y Hi (// Q0o R, (1)q)
+i— | QR2(t)g — ~ } 66
i [ R = R (Dg) (©0)

We note that, for # > 0, the function V,, (g, t) has shock like singularities at finite
times where L, (¢) = 0, and it has moving singularities at Hy(v/Q0R,(t)q) = 0.

The complex velocity function written in the form V (g, t) = v(q,t) + iu(q,t)
splits the complex Burgers equation into the coupled system

v N 1—¢ v du L fie' 9%u
— — vt v——u—+-—g=——"-—,
ot ! dq dg 1 2t g2
ou N 1—1t¢ N v n du  he' 8%v
— —Jutu—4+v—=——,
ot t dq dg 2t 9g?

which with initial conditions

he' 0y Hi (£/S2
vk(q, t0) = 0, uk(q,to)=i|:9 —M] k=0,1,2,...
10 Hi (v/209)
has exact solutions v, (g, t) and u, x(q, t), the real and imaginary parts of (66), respec-
tively. We note the relation between the different variables

Vg = v, 0 +iutg,n = 05 Z i1 2 44 )
1) = v(qg, iu(g,t) = —— —i——(In p).
a4 4 q taq ' 2r0g "

E. Solution W, x(q,t) of Schrodinger Eq. (54) has zeros at points where
H; (\/Q_o R, (t)q) = 0, and these zeros are pole singularities of the solution V,, x(q, t)
given by (66). Then the motion of the zeros and poles for fixedn = 0, 1,2, ... and
k=1,2,...1s described by

1
k VR, (1) Qo L2(10) , i
I=12,... k. “

Similarly to the Hermite case, near time ¢ = 0, singularities show oscillatory motion
and when ¢t — oo one has |q,§1) (t)] — oo. As an example, in Fig. 3 one can see the
behavior of p, x(g,t) and |V, (g, 1)|* forn = 2,k = 4, (h = Qo = 1). In Fig. 3b
we observe that, at zeros of L;(¢) there are finite time singularities, and also since
k = 4, there are four moving zeros of p2 4(g, t), which are also the moving poles of

V2,4(q.1).
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5 Jacobi type Madelung models

The Sturm-Liouville problem for the Jacobi polynomials is defined by the differ-
ential equation d [(1 — )" (1 4+ )T %] /dt + A1 — H)*(1 + )fx = 0, -1 <
t <1, o, B > —1, and boundary conditions that the eigenfunctions are finite
at the singular points # = =£1. Then the eigenvalues are A = n(n +a + 8+ 1),
n=0,1,2,..., and the corresponding eigenfunctions are the Jacobi polynomials

(=D"
2n]

PP () = (1—0"%1+n"F d, [(1 = (1 + )P+,

Clearly, Jacobi polynomials Py P satisfy the oscillator equation

- 2)t 1
ezt P2, net et PED o x) £0, i) =0,
1—1¢2 1—1¢2
for proper choice of 79, where (1) = (1—1)* ' (1+0)f ' T(H) =[(B—a — (@ + B
+2)1)1/(1—1?), and frequencyisw?(1) = [n (n + o + B+ 1]/ (1—1?), =1 <1 < 1.
Therefore, solutions of the Jacobi type Schrodinger equation

; IV K2 [n(n+a+B+ DIA-0)*(1+1)F ,

—_— \If
ar 2(1—t)°‘+‘(1+t)/3+1 aq 2

(68)

can be obtained in terms of the Jacobi polynomials, and when the initial condition is
given as W (q, o) = ¢x(q), k=0,1,2,...ithas exact solutions

vil(g.0) = N/ R ﬁ(f)xeXp( ((1 DT (1 4+ B (’))q)

PP (o)
X exp (—%Qég,‘f'ﬂ(t) (Rff"g)z (g ) exp ( (k + 2) aIctan(Qggg‘ﬂ(t)))

X exp (—% (R%F (1)) qz) Hy (\/STORZ"ﬁ(t)q) L k=0,1,2,...,  (69)

where the auxiliary functions are

t

ds
Ol,ﬂ 1) = _h Pavﬂ 1 2/ 5 I =0;
O = AT | e e i er

2

a,p 2
R (1) = (PP (10)) . 70)

2
PP + 208" 0 )]
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Madelung representation of the complex-valued wave function decomposes the
Eq. (68) into the generalized Hamilton—Jacobi system

LEg 1 (%) i L yp
at  2(1 — ot 1+ b+l \ag 21—t (1 + 0| /o g2

SRR S T R b
ap d P N

—_ _|_ J— —_— = 0,

ot [(1 =00t (1 4 npH! 84]

which with specific initial conditions

2
(g 10) =0, p(g.10) = Nf exp (— (V%04) ) HE (VR0q),  k=0,1,2,...

has exact solutions

‘Dt,,B
Suk = ((1 Nt (1 + P! P’;—ﬁ() — hQg ,‘;”S(t)(R,‘f’ﬁ)z(t))qz
' PP (1)

n

h (k + %) arctan (0827 (1)),
and
2
Pl (g, 1) = NP x REP(1) x exp (— (Ve0RsP0)q) ) x HE (VR (1)q)
(72)
1

d
(1L — D% (1 +1)f* T g
we obtain the Madelung hydrodynamic equations

S
Introducing classical velocity, v(q, t) = in system (71),

v (ﬂ—a—(a+ﬁ+2)t)v+ 81)_ —1

ot -2 Ig (1=t A+

xi —h? Lazﬁ +n(n+a+ﬁ+l)(l—t)°‘(l+t)’3 )
201 — t)“+1(1+z)f‘+1 Nl e 2 a1

—+—[ vl =

at

which with initial conditions vi(q, to) = 0, pk(q, o) = go,%(q), k=0,1,2,...,
has exact solutions

I‘I’(lx’ﬂ(t) &n ﬂ(t)(Ra ﬂ) (1)
a.p —hQ2
v, (q,[) = ( ’;x,ﬂ(t) hQ (1 t)a+l(1 t)[}+] q, Vk, (73)

and pgf (g, t) as found before.
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The IVP for the complex Burgers equation of Jacobi type

AV B-—a—(@+B+2)0) v i a2y
— V4+V—= —
o T 1—1¢2 * dg  2(1 =02t (1 40Pt ag2
nmn+a+p+1)
1= 74)
ih 8qu(«/Q()q):|
Vi(q. to) = Qog — ——X """, k=0,1,2,...
K. (1—t0)“+1(1+t0)ﬂ+1[ Hi(v/Q09)
are explicitly found as
5, B
o, p _ Py ([)_ 2 gn’ (1) a, B 2
Vnk @0 = [P,fj"ﬂ(z) T T o (57) 0 |
B
j 2 g Hi (VQ0Ry" (g
e P K T Lkl | e
) Hy (Aﬁszok;‘," (t)q)

From Eq. (69), we see that the solution \I/:,f (g, t) of the Schrodinger equation has
zeros at points where Hj («/ Qo R,‘f”s (t)q) = 0, and these are the poles of the solution
V;Z’kﬂ (g,1). If r,ﬁl) are the zeros of the Hermite polynomial Hy(§), ! = 1,2,...,k,

then the motion of the zeros and poles for fixed n, o, 8 and each k = 1,2, ... is
described by
) 1
o 7 N A O [ OV O]
g (1) = = :
¢ VORI @) V0 (PP (19))2
1=1,2,... k. (76)

In what follows, as an example we consider Madelung fluid and complex Burgers
equation related with the first-kind Chebyshev (FKC) polynomials, which correspond
to the case « = B = —1/2, and parameters of the form () = /1 — 2, and
() =n*/(1—-1%),te(-1,1).

A. The FKC-type quantum Hamilton—Jacobi system is of the form

os 1 (8S)2+ n? 5 R 1 3% /p
at  2/1—12 \dg Wil To/ice|vp 0g® |

n=0,1,2,..., 77
9 9 N
9t 9q L1 —120q
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With general initial conditions S(q, ty) = S (q), p(g,t9) = p(g), it has formal
solution

Vg, 1)

S(g,t) = —ihln <|\p( Dl

) plg, 1) =¥ (g, 1) (78)

where W (g, t) corresponds to solution of the FKC-type Schrodinger equation

L S . S 0,1,2 (79)
h— = — e q N n==u,1,42,...
ot 241 =12 dq° 2/1 =12

with initial condition W(q, t0) = /(q) exp(£5(¢)). In particular, if W(q, 7)) =
wk(q), k=0,1,2,..., Eq. (79) has exact solutions

Yy k(q, 1) = N/ Ru(t) x eXp( (\/ T" (l)) 2) X exp (_%Q%)gn (t)Rﬁ(t)q2)

Tn(2)
X exp ( (k + : ) arctan(20gn (t))) X exp (—%Rﬁ(z)qz)
x Hy (\/sToRn(z)q), k=0,1,2,..., (80)

where T;,(¢),n =0, 1,2, ... are the first-kind Chebyshev polynomials satisfying

2
Tn_ 1_t27;1+ 1—[2Tn :07 Tn(IO) #Ov Tl’l(to):()1 t()e(_l,l),

and the auxiliary functions are

_ d§ _
gn(t) = —hT, (lo)/ m, g(ty) =0

Ru(t) = ( T (1) ) . @)
T2 (1) + [Q080 (O T (1)

Therefore, system (77) with specific initial conditions

2
Sk(g,10) =0, pk(Qvt()):NkzeXp (_ (V QOQ) )Hl<2 (V QOQ)7 k=0,1,2,...

has exact solutions

Tu(t)
T,(t)

1 1
Sn.k(q, l)=§ ( 1z —hQ(z)gn(f)Rﬁ(f)) q°+h (k + 5) arctan(£208, (1)),
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and
2
Puk(@, 1) = NE x Ru(t) x exp (— (VRoR.(g) ) x H (VRoR:(0g) . (82)
where g, (¢) and R, (¢) are given by (81).

B. Next, setting v(q, t) = (1/v/1 —t2)35/dq in system (77), we obtain FKC-type
Madelung fluid equations

v ( ‘ ) L 1| -n? 1 >/p N 2,
— | —=)vtv—=— — — q° |,
ot 1—172 dg J1=128q | 2/1 =2\ /P 934> 2/1 -2 (83)

Using transformation

vty = - 81(\Il(q,t)

— n —
V1 —129q W(g, 1)l
system (83) converts to FKC-type Schrodinger equation (79). It follows that, system
(83) with general initial conditions v(q, fg) = v(q), p(q, to) = p(g), has formal solu-
tion given by (84), where W(q, 7) is solution of Schrodinger equation (79) with initial
condition

), plg, 1) =% (g, 1), (84)

q
= i 5 [ -~
W) =A@ ew 1/1-7 [ s
Therefore, the Madelung system (83) with specific initial conditions

2
vi(q.10) =0, pr(q. 10) = N exp (— (JsToq) ) H} (\/QOQ) . k=0,1,2,...

has exact solutions

Tu(t) ., &R
L 0 V122

and o, k(q. t) given by (82).
C. The potential complex Burgers equation of FKC-type

IF C gy L(2F 2+ n* 5, ih  ¥’F 85)
ot 1—12 2\ dg 2(1—t2)q 21 =12 9g%’

converts to the linear Schrédinger equation (79) using the relation

vn<q,t)=( )q, VK=0.1.2.....

F(g.1) =— (InW(g,1)). (86)

ih
N
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With general initial data F'(q, tg) = F (g), it has formal solution given by (86), where
W(q, t) is a solution of (79) with initial data W (q, t9) = exp(i/h,/1 — t&)ﬁ(q)). The
potential complex Burgers (85) with specific initial conditions

Fe(g, o) = —— (—q —In (Nka (\/Qoq))), k=012 ...
V1 —t02 2

has exact solutions

Fuan = |+ 29 _poz 810 g2 )2 4 7# (k * l) arctan(Qo g, (1))
2\ T.(1) V1 =192 ! 1— 1?2 2
inh Qo 5 5
= [71%" (g% = In (Nev/Ra () He (/20 R, <r)q))] : (87)

D. Now, we consider the FKC-type complex Burgers equation

v t V+Vav N n? R 92V
RS — —_— =1 —_—
ar  1—12 g V1 —t2q 21— 12 3g?

Linearization of this equation using the generalized Cole—Hopf transform

n=0,1,2,....(88)

inh a
m@(ln‘y(q,t)), (89)

leads to the FKC-type Schridinger equation (79). Then, the complex Burgers equation
(88) with general initial condition V (g, t9) = V (q), has formal solution given by (89)
where W(q, t) is solution of the IVP for the Schrodinger equation with initial data

W(q.19) = exp (;,4,/1 -5 [ V(é)dé) :

The IVP with special initial conditions

V(CL t) = -

v t V+V3V+ n? . h v 0.1.2
Yl . =1 n=90,1,2,...,
o 1—1¢2 dg ‘/1_,2‘] 21— 12 g2 ©0)
ih 3qu(«/Qoq)
Vilg, t0) = —— Qg — ——F—— |, k=0,1,2,...
V1 =12 Hi(v/209)
has exact solutions
T (1) 2 (), }
Vax(q,t) = [ - R:(1)
ki L@ 0o
h 0, Hi (W20 R, (1
i |:QOR,%(I)C]— g Hi oRu( )‘I):| ©1)
V1—12 Hi (//Q0Ry (2)q)

E. The motion of the zeros of the wave function W, x (g, ¢) given by (80), and the
poles of the complex velocity V, x (g, t) for fixedn =0,1,2,...andk =1,2,...1s
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(@) (b)

Fig. 5 FK Chebyshev type model. a Plot of | V4 2 (g, )[%. b Contour plot of [V42(q, 1) 12

described by
1
O - _ T (T,?(t)+[szogn(t>Tn<t)12)2 s
k VR, (1) V0 T2(t0)
(92)

In Fig. 4, we illustrate the behavior of the probability density p, « (¢, ¢) and in Fig. 5
the behavior of |V, x(q, t)|2 forthecasen =4,k =2, (h = wyg = 1,1ty = 0). The
oscillatory motion of the two zeros and poles, respectively is confined in time interval
(=1, 1), and can be observed from the given corresponding contour plots.
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6 Conclusion

In this article we applied Quantum Sturm-Liouville problems for solving variable para-
metric Madelung quantum fluid models. Precisely, we have introduced and obtained
exact solutions of Madelung fluid and complex Burgers equations of the Hermite,
Laguerre and Jacobi (first kind Chebyshev) type. For the Hermite type of Schrodinger
equation, the mass is exponentially decreasing and the square frequency is an integer
constant. Corresponding Madelung fluid includes friction term linearly dependent on
time and quantum potential strength with exponential growth. It determines complex
Burgers equation with the similar friction, linear external potential and complex dif-
fusion coefficient with Gaussian growth in time. The quantum trajectory picture for
specifically chosen initial conditions was described explicitly. For the Laguerre type
Schrodinger equation the mass term is polynomial for small times and exponentially
decreasing for large times, while the frequency is decaying as inverse power of time. It
gives Madelung fluid with rationally time dependent friction and exponentially grow-
ing quantum potential. Similarly to the Hermite case, near time zero, singularities of
the velocity field show oscillatory motion. From the Jacobi type models, the first kind
Chebyshev case was treated in details. In that case, the mass is an algebraic function
of time, the friction force and the strength of quantum potential are rational, and the
oscillatory motion of the zeros/poles is confined in finite interval. In a similar way, as
we have explored in this paper one can study the Madelung models related with the
hypergeometric function and its other degenerations.

Here, we would like to notice that for the Madelung fluid considered as an alterna-
tive formulation of the Schrédinger equation, we have solved the nonlinear initial value
problem under initial conditions, meaningful for the corresponding linear Schrodinger
equation. However, for the quantum hydrodynamics and complex Burgers equations,
other type of initial conditions may also provide interesting and meaningful solutions.
Such problems will be addressed in our later work. As we already mentioned in the
Introduction part, our models were not determined from concrete physical system, but
motivated by exact solvability. It provides from one side a wide class of exactly solv-
able models which can be used as an approximation to real systems, and from another
side they can give more insights on nonlinear dynamics in dissipative quantum fluids
and used as a test for improving related computational methods.
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